We prove an inequality ofthe form fen a(lxl)7,-(dx) _> fen a(lxl)T,_ (dx), where Q is a bounded domain in R" with smooth boundary, B is a ball centered in the origin having the same measure as f. From this we derive inequalities comparing a weighted $obolev norm of a given function with the norm ofits symmetric decreasing rearrangement. Furthermore, we use the inequality to obtain comparison results for elliptic boundary value problems.
INTRODUCTION
Consider a boundary integral of the type pa(Q) "= f0f a(x) 7-[n_l(dx),
where ais a given nonnegative function on R" and f is a smooth open set.
It can be seen as a weighted perimeter of .T he classical isoperimetric theorem in Euclidean space says that, if a 1, then _< where is the ball centered at the origin having the same Lebesgue measure of fl (see [27] ). By employing the so-called method of level sets one can infer a lot of further functional inequalities from the isoperimetric theorem, thus comparing underlying problems with simpler one-dimensional ones. The literature for this theme is large.
As an orientation we refer to the monographies [5, 15, 23] and to the articles [1, 12, 26] . Recently Rakotoson and Simon [24, 25] studied the problem of minimizing Pa(fl) over the class of open sets with given, fixed measure.
We are interested in the question, for which general type of weights a (2) might hold. In Section 2 we prove inequality (2) for radial weights a =a([x[) satisfying some further conditions. In Section 3 using the method of level sets, we show integral inequalities comparing some weighted Sobolev norm of a function with a corresponding norm of its symmetric decreasing rearrangement. In Section 4 an extension ofone of these inequalities to BV-spaces leads to a general version ofour weighted isoperimetric inequality for Caccioppoli sets. We also include a discussion of the equality case in the inequality. We mention that weighted norm inequalities which are similar to ours, are known for the so-called starlike rearrangements (see [6, 7, 16, 18, 19] ) and for the Steiner symmetrization (see [9] ). As an application ofthe weighted isoperimetric inequalitiy (2) , in Section 5 we derive a comparison result for elliptic PDE. To be more specific, let us consider the problem Lu -(aijuxy)xi f in Ft, [17, 28] when the operator L is uniformly elliptic and in [2] . Such 
Frequently we will write al (t) := a(t) a(O), (t > 0). nwln/na((w;lm(f))1/n) (m(f)),-,/n (9) Proof To show inequality in (9), we divide the proof into three steps.
Step 1 Let n > 2 and suppose that 0f is piecewise affin and {(r, 0): r > 0} 91 0f is a discrete set for every 0 T. (10) Let us observe that, to show (9) , it is sufficient to prove the following inequality:
where I fOa al (Ixl) 'n-1 (dx),
Indeed, (11) and the isoperimetric inequality (Appendix 2) yield
In view ofthe assumption (10), we have the following representations: 
we obtain from (13) and (14) 2ki fTi
Let 9t BR, (R > 0). By using (18) , (15) and (12), we see that
and hence, by (13) ,
Furthermore, we have by (4) and (17) I nwnal (R)R n-1 <_ nwnal (R1)R -1 (18) Now, in view of the assumption (5), we may apply Jensen's inequality (see Appendix 1) to obtain from (16) and (17) x (nWn)
Together with (16) and (18), this proves (11) in the case under consideration.
Step 2 Let n and suppose that k t J(X2n_l,X2n) where Xl <''" < X2k. Xi
By (19) we have that
In view of (20) , (21) and (5) this means that
Step 3 Let 09t be Lipschitz. We can find a sequence of sets {fk} satisfying (19) 
WEIGHTED SOBOLEV INEQUALITIES
We recall some definitions and basic properties (see [15, 26] 
The mapping u---, u is a contraction in LP(R) for _<p < (compare [15] ), i.e.
. (24) Now we prove the following theorem: (a(Ixl)lW(x)l) ax . (a(lxl)lVu"(x)l) ax, (2) provided the left integral in (25) converges. Proof The proof is divided in three steps.
Step I We claim that for evew s (0, m(supp u)),
where suppu denotes the support of the function u. Let 0<s < s + h < m(supp u). Then Jensen's inequality (Appendix 1)) gives
Sending h --* 0, and by taking into account (22) , we obtain (26).
Step 2 We claim that for every s E (0, m(supp u)), lZu(t) l-1/na(wl/n#u t) 1/n).
Passing to the limit h 0, this yields (27) .
Step 3 (28) provided the left integral in (28) converges. Proof If u is Lipschitz continuous and decays at infinity, then (28) follows from Theorem 3.1.
In the general case we choose a sequence {Uk} C C (Rn) such that Uk ---* u in WI'p(In).
By (24) we have that ncoln/na((w-lm(E))l/n)(m(E)) (ii) n > 2 and a(t) is strictly increasing (t > 0),
Proof The proof is divided into five steps.
Step 1 Suppose that for some 6 > 0,
By setting
we obtain by (41) and (44), a(6)p(E) + p(E) pa(E) pa(E) a(6)p(E) + p(E). (45) Furthermore, since satisfies (4) and (5), we have that p() <_ p().
This implies, together with (45) and the isoperimetric inequality (Appendix 2), that p() p().
By once more applying the isoperimetric theorem, we infer that Emust be equivalent to a ball.
Step 2 Next suppose that a(0) > 0. We have that
and since al satisfies (5), we may argue as in step to infer that E is equivalent to a ball.
Step 3 Now suppose that a(0)= 0, and that (44) is not satisfied. Then
We choose e > 0 such that EtA B is not equivalent to a ball. The function g(z) a(z/n)z/n-, (z > 0), is convex by (5) . In view of Lemma 4.4 this yields g(m(E)) + g(m(Be)) < g(m(EfqBe)) + g(m(EU Be)).
On the other hand, we have that nWn/(g(m(E B,)) + g(m(E B))) =pa((ENBe) ) +pa((EUBe) ) < pa(E n Be) + pa(E Id Be) (by Theorem 4.2)
< pa(E) +pa(Be) (by Lemma 4.3)
pa(E) + pa(Be) (by (41)) na)ln/n(g(m(E)) + g(m(Be))). Step 4 Now suppose (42). fqodx Vqo C(fl).
The assumptions (i)-(iii) guarantee the existence of such a solution (see [21, 29] where uELS(f), s> and 1/u E Lt(f), t> 1, l<p<(n(t-1))/ (t-n).
(ii) fE La(Vt), with q such that 1/q ((p-1)/p)(1 l/t)+ (l/n).
Let us denote by u E W'P(u,f) a solution of (64) If u # w a.e. in 9t, then f f# + Xo, f--f#(. +Xo) and aij(x + Xo)Xj u(lxl)xifor some Xo R".
APPENDIX
We recall some well known theorems.
(1) Jensen's inequality (see e.g. [20] ) Let 
